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Local well-posedness of the nonlinear Schrodinger 
equations on the sphere for data in modulation 

spaces 

Hideo Takaoka* 


Abstract 

In this paper we discuss a priori estimates derived from the energy 
method to the initial value problem for the cubic nonlinear Schrodinger 
on the sphere S 2 . Exploring suitable a priori estimates, we prove the 
existence of solution for data whose regularity is s = 1/4. 


1 Introduction 

In this paper we consider the initial value problem for the cubic nonlinear 
Schrodinger equation on the surface: 

/ id t u + Au= p| 2 , , , 

\ u{x, 0) = u 0 (x), ' ‘ 

where the unknown function u = u(x , t ) is a complex valued function on (t, x) € 
lx S 2 , and A denotes the Laplacian on the surface of the unit sphere S 2 
in R 3 . The equation ED is defocusing. However the result in this paper is 
independent on whether the equation is focusing or defocussing. 

In the case of the whole space case R 2 , local well-posedness in H s ( R 2 ) for 
s > 0 was obtained by Y. Tsutsumi in m and T. Cazenave, F. Weissler in 
m- It is important to note that the critical regularity for the scaling argument 
is s = 0. On the other hand, for the periodic boundary problem, local well- 
posedness for data in H s ( T 2 ), s > 0 was established by J. Bourgain [2]. In [2], 
he used the X s ’ b argument along with the Strichartz estimate which controls 
the Lf x norm of the linear solution in term of the H s initial data (see also fl7l). 
where this estimate is sharp in the sense that the estimate with s < 0 fails. For 
further references, see for instance 0 . m and references therein. 

Among other cases, for the case of two dimensional sphere S' 2 , the initial value 
problem ED is known to be locally well-posed in the Sobolev spaces H S (S 2 ) 
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for s > 1/4. This was shown by N. Burq, P. Gerard and N. Tzvetkov [Hlpl . where 
they proved the bilinear Strichartz estimates without loss of derivatives. On the 
other hand, in [7], they also proved that the flow map is not uniformly continuous 
in H S (S * 2 ) for 0 < s < 1/4, although the standard scaling argument concerning 
the initial value problem m on the real line case suggests local well-posedness 
for s > 0. Further analysis on such instability of solutions was obtained by 
V. Banica in m- It is worth noticing that these instability phenomena arise 
to be illustrate by considering the following weighted homogeneous spherical 
harmonic polynomials 

'•Pk{xi,X 2 ,x 3 ) = k x ^~ s {xi + ix 2 ) k , (xi,x 2 ,x 3 ) € S' 2 , k € N, (1.2) 

as initial data. Notice that these weighted homogeneous spherical harmonic 
polynomials give a concrete counterexample to the restriction estimate obtained 
by C. D. Sogge [13]. 

It is natural to ask for the well-posedness result at the regularity s = 1/4. In 
the present paper, we consider some problems at the regularity s = 1/4. 

We first recall the spherical harmonics on the sphere S 2 . 

Notation 1.1. We define A < B by A < cB for some absolute constant c > 0. 
Similarly, we define A ~ B if and only if A < B < A. We set (a) = (1 + \a\ 2 Y^ 2 
for a£l. 

We summarize the properties of eigenvalues and eigenfunctions of the Lapla- 
cian A on S 2 . Let Y" 1 (k e N U {0}, m £ Z, — k < m < k) be complex 
valued spherical harmonics of degree k and order m. Then Y™ are eigenfunc¬ 
tions corresponding to eigenvalues — /^, where Hk = \/k(k + 1). For a fixed k, 
we denote by Hk the (2k + l)-dimensional space spanned by the functions F fc m 
with — k < m < k. We denote by Pk the orthogonal projection on eigenspace 

hE 

Let s > 0. Denote by H s = H S (S 2 ) the Sobolev space associated to (I—A) s / 2 
equipped with norm 

/ oo \ 1/2 

IMI*-= E<^> 2 s H p Hli= • 

\fc=o ) 

Denote by B s = B S (S 2 ) the Besov type modulation space equipped with norm 

OO 

iMis* = Y^ k y\\p k u\\ L >. 

k—0 

Remark 1.1. (i) We only consider the case when s = 1/4, since the argument 

in this paper will provide the proof in the case s > 1/4. 

[8], the same problem on a compact Riemann manifold has been discussed. 

2 The space L 2 (S 2 ) is the Hilbert sum name ly? f° r every function f E L 2 (S' 2 ), 

there is a unique Fourier decomposition / = /fc ^ or fk ^ ^-k- 
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(ii) The definition of reasonable Besov space is B^ q equipped with norm 


\ U \\ B‘ ptq = 


2 ja 


y Pku 


2i-l<k<2i 


LP(S 2 ) 


(see PP). There is the embedding inclusion relation between B s and B* , 
namely 

B s ^ B s 2A B s 2>oc . 

From this point of view, the space B s is a restricted space of the Besov 
space. 


(iii) When s = 1/4, the no-weighted homogeneous spherical harmonic func¬ 
tions 4>k{xi,X 2 ,xz) = {x\ +ix 2 ) k , (xi,X 2 ,X 3 ) G S 2 satisfies %fk = CfcT fc fc 
for some constant cu and 


Pk^k = ipk, V’fc G B 1/4 , 


HV’fells 1 / 4 = IIV’/=|Li/ 4 = HV’fcllffi/ 4 = II^ILi/ 4 ~ i. 

D 2,l d 2,oo 

The main result of this paper is local wcll-posedness of ED in H 1 / 4 . More 
precisely, we show the following theorem. 

Theorem 1.1. For every r > 0, there exist T = T{r) > 0 and a function 

space X^ A such that given uq G {<f> £ £? 1//4 | ||</>|| B i/4 < r} there exists a 

unique solution u of ED with initial data uq satisfying u G C([0, T\; B 1 ^ 4 ) D 

Xy. Moreover the solution map {<f> G B 1 / 4 | ||<^|| B i/ 4 < r} 9 uq k> u G 

C'([0, X 1 ]; T? 1 / 4 ) (~l Xy is Lipschitz continuous. 

Remark 1.2. (i) The time of existence T obtained in Theorem ll.il depends on 

the value of ||uo||si/ 4 - For sequence of initial data ifk {k G N), Theorem ll.il 
guarantees that there exists the sequence of solutions Uk and its existence 
time Xfc. We can say that by Theorem 11.11 the lifespan has the lower 
estimate liminffc^oo Tk > c for some constant c > 0. 

(ii) The result in Theorem 11.11 is essentially of the some kind of conditionally 
local-in-time well-posedness in B 1 / 4 . Our proof relies on the a priori es¬ 
timates of solutions. The same sprit in carrying out the proof also works 
for the unconditionally well-posedness in H s with s > 3/4. However, in 
this paper we do not discuss at all such a problem. 

The well-posedness result for m is still unclear. But it is interesting to 
consider the cubic nonlinear Schrodinger equation without gauge invariance. If 
data are homogeneous spherical harmonic functions, then one can obtain the 
local well-posedness for data in the Sobolev space H^ om for s = 1/4, where 

H'lom = H s n span{^ | k > 0}. 
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Theorem 1.2. The initial value problem associated with the cubic nonlinear 
Schrodinger equation 


id t u + Au = u 3 , (1.3) 

is locally well-posed in Namely, for every r > 0, there exist b > 1/2, T = 

T{r) > 0 and a function space X^/ 4 ' b such that given uq £ {<p £ H | 
||(^|| „i/4 < r} there exists a unique solution u of i ll.31) with initial data uq 

n hom 

satisfying u £ C([0, T\; r\X^/ i,b . Moreover the solution map {</> £ | 

||</>|| ^ 1/4 < r} 9 uq H> u £ C([0, T]; D xj/ 4,b is Lipschitz continuous. 

Remark 1.3. If Uj are smooth in span{^fc | k > 0} for j = 1,2,3, then the 
product n-=i u j is within spanj^fc | k > 0}. This algebraic property allows 
us to establish the existence of an appropriate class of local solution u(t) £ 

C([0,T]-H L Jofm- 

This paper is organized as follows. In section 2, we present the useful function 
spaces and recall the several estimates for the harmonic projection operators. In 
section 3, we take the direct estimate for the norm of ||u(f)||xf, along with the 
energy method under resonance and has several other properties. Multilinear 
estimates provide us the several type of a priori estimates. In section 4, we carry 
out the local well-posedness result described in Theorem 11.11 In section 5, we 
give the proof of Theorem 11.21 

Acknowledgements. I thank Nikolay Tzvetkov for discussion and for pointing 
out the reference [S|. 

2 Definition of function spaces and linear esti¬ 
mates 

We start out by defining the function spaces. 

Definition 2.1. Let s > 0 and T > 0. We define the function space X!f as the 
completion of Co°(R x S 2 ) under the norm: 

OO 

IMIxf, = y2(Vk) s sup ||P fc u(f)|| L 2 ( s 2 ). 
fe =o 

We also define the function spaces introduced by Bourgain in |2| and Burq- 
Gerard-Tzvetkov in [9], 

Definition 2.2. For s > 0 and b £ M, let X s ’ b be the completion of C^°(K; H S (S 2 )) 
for the norm 

( OO 

5Zll( r + hk) b (Tk) s Pku(r) |||2( Rx S2) 
k—0 
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Observe that if b > 1/2, X s,b ^ C(R; H s ) by usual Sobolev embedding theorem. 
For T > 0, we define the restriction function space 

X T b = {/l|t|<T I / G ^Y s ’ 6 }. 

The following extension of the L p estimates due to Sogge [13] established by 
Burq, Gerard and Tzvetkov [9] will be a crucial ingredient in our proof. 

Theorem 2.1 (Burq, Gerard and Tzvetkov). There exist C > 0 such that, for 
all fci, fc 2 € N U {0}, for all functions /, g on S 2 , 

\\PkJPk 2 g\\L*(s 2 ) < C'min{(/ci),(fc 2 )} 1/4 ||/||L 2 (s 2 ) || 5 || i 2 (S 2 ) . 

Also we shall use the following L p estimates established by Sogge m Theorem 
4.2], 

Theorem 2.2 (Sogge). There exist C > 0 such that, for all k £ N U {0}, for 
all f on S 2 , 

ll-Pfcw||LP(S 2 ) < C(k) ap ||u||z,2 (g 2), 

where, 

(i) if 2 < p < 6, a p = (p- 2)/4 p, 

(ii) if 6 < p < oo, a p = 2(1/4 — 1/p). 


3 Nonlinear energy estimates under resonance 
properties 

To show the local well-posedness in H 1 / 4 , we use the a priori estimates for 
solution of ED- This can be established as follows. 

Theorem 3.1. Let u be a smooth solution of (LB on t £ [0, T]. Then for all 
0 < S < 1, we have 


~ IKIIb 1 / 4 + 




Vf\\uf xyi . 


To construct above estimate, first consider a smooth solution u of CT) with 
smooth initial data uq. We put Vk = e~ ltA PkU = e ltfJ-k PkU , where we suppressed 
the t, x dependence and wrote Vk 6 = vkj {t, x) for notational simplicity. 

Since from the fact that e ltA is unitary group in L 2 , we have ||ffe||i 2 = 
H-PfcwlU 2 - Then Vk satisfies the equivalent formula to ED: 

d t v k = -iP k J2 ^ {kMMM)t Vkfvr 2 v k3 , (3.1) 

ki,k 2 ,k 3 

where the phase function <f>(k, k\, fc 2 , k^) is defined by 

(t>{k, h,k 2 , k 3 ) = H 2 k - fJ? kl + hl 2 - hl 3 - 
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Additionally we may assume that k < max{fci, fc 2 , ^’ 3 }. Otherwise, the right- 
hand side of ED is zero, since the Vk 1 Vk 2 Vk 3 is the polynomial on degree at 
most k\ + + & 3 , and it is orthogonal to the polynomial function of degree k. 

Then it formally satisfies the identity 

d f 

— \\Pku(t )\\ 2 L 2 = 2Re / Vkd t Vk dx 

at j s 2 

= 21m [ EW V e^^^Vk.vT^dx. (3.2) 

5,2 fci,fc 2 ,fc 3 

Let us drop the complex number i and simply use c. We decompose EH into 
a sum of two terms that the resonant contribution (fc l5 fc 2 , & 3 ) G Ofc and that the 
non-resonant contribution (ki,k 2 ,kz) # <Jk , where 

o-fe = |(fci,fc 2 ,fc 3 ) G (NU {0 }) 3 : \n k - yVfc, +fifc 3 l < 1 or /r fe < 1/(51 .(3.3) 

From the contribution of er^, we know that 

if |fc — fc'| > 2 and min{/Zfc, //*/} > 2/<5, then <Tk (~l cry = 0, (3.4) 

and 

if {k\,ki,kz) £ cr k , then (f>(k, ki, fc 2 , fe 3 ) / 0. (3.5) 

Using EH , one has after integration in the time interval [ 0 ,i] that 
||Pfeu(t) || b i/ 4 — ||Pfc^o|| g 1 / 4 

= c[ [ (/x fc )% £ e i*(k,ki,fc a ,k 3 Vvk^Vksdxdt' 

Jo Js2 (fci,fc 2 ,fc 3 )€o- fc 

+C f 51 e l4 ’ {kM ' k2 ’ k3)t 'v kl Vk^Vk 3 dxdt’ 

JS2 (fel,fc3,fe 3 )Sfo-fc 

= /1+/2. 


Contribution of (fci,/c 2 ,fc 3 ) G Ufc. It is enough to consider the case where fci 
is the maximal modulation of kj (j = 1,2,3). By two applications of Theorem 
EH we obtain 


N < 


< 


/ 51 <A*fc) ^ <Mfei> ^ ||«fcVfe 2 llz-2 ||VfeiWfe 3 ||z,a rfi 7 

0 (fcl ,/C2,fc3)eo-fc 

/ IKIIbi /4 V TTlKlls 1 / 4 ^- 

do 


(fei,fc 2 ,fc 3 )eo-fc 1=1 
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Contribution of (k±, k 2l k 3 ) ^ a k . Since <f(k, ki, k 2 , k 3 ) ^ 0 by (13.51) . we write 
after integration by parts that 




{kk) 2 e 


i I0(fe,fe l,fc 2 ,fc 3 )t' 


! S 2 4>{k,ki,k 2 ,k 3 ) 


-Vk 


E 


C/,' | Vfc 2 C/.., 


(k 1 ,k 2 ,k 3 )£a k 


t'=t 


J t'=0 


+C 


Oi Vk 2^ v kl Vk 2 Vk 3 at 


1 0 Js 2 cp(k,ki,k 2 ,k 3 ) 
= /21 + I 22 • 


(k 1 ,k 2 ,k 3 )gcr k 


We consider the contribution of I 2 \ hrst. Note that from the non-resonance 
relation (13.31) . we have 


|0(fc, fei, fe 2 , fe 3 )| > (kk - \Jk 2 kl - Hi? + kl 3 ) (Mfc) 

and (yLtfe) > 1/(5 within the domain of summation. Then, using Theorem 12. 11 we 
have that the contribution of I 2 \ is bounded by 


I/ 211 


< s^wPkum^ 

(k 1 ,k 2 ,k 3 )ga k 

(ki,k 2 ,k 3 )&<?k 


IIjLl H-Pfc J Ux(f)|| B l/4 

(kk - \Jk 2 kl ~kl 2 + kl 3 ) (Mfc) e 
_IIj=l ll-Pfc^oll^i^_ 

(V - y/^-14 2 +kl 3 ) ^ fe ) £ 


Secondly, we consider the contribution of / 22 - According to the symmetry, 
we divide the proof into two cases: the time derivative falls on the factor that 
Vk and that v kl ■ 

When the time derivative falls on the factor v k , dtv k satisfies the equation 
(13.11) . Apply Theorem 12.II as above, then the contribution of this case to I 22 is 
bounded by 

\\Pk{\u\ 2 u)\\ B i/*T,( kl ,k 2 ,k 3 )^ nj=i wp^Wb^ dt , 

(kk - yV 2 kl + kl 3 ) (kk) 

\\Pk(\u\ 2 u )\\ L 2 ^ n,=l ^PkjU\\ B l/i 

3 _ U6 sup y . - -- 

(kk) 4 °< 4 -* (k 1 ,k 2 ,k 3 )^k \kk — y/^fci — Mfc 2 + kt 3 J (kk) E 




On the other hand, when the time derivative falls on the factor v kl , we divide 
two cases that n k > /i kl and that fjL k <C p . kl ■ 

We consider the contribution of [i k > fa kl . By evaluating the weight (/z ^) -1 / 4 
by {fa kl )~ 1 P in the expression above, the same arguments as in the previous 
case lead to 



PkuP k 1 (\u\ 2 u)P k2 uP k3 u 
ikk) 


dx 


< \\PkU\\ B i/4Pk 1 {\u\ 2 u)\\ L 2\\P k2 u\\ B i,4P k3 u\\ Bl/i 

{kkYikkf)^ 
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Next we consider the contribution of Hk -C Hkx ■ Applying Theorem 12.11 as 
above, one has that 


PkuP kl {\u\ 2 u)P k 2 uP k3 u 


s2 (dfc - Jfili - /4 2 + /ifc 3 ) (Mfc) 


< 


||PfcU|| B l/4||Pfe 1 (|ti| 2 ti)|| I ,2||P fc 2U|| B l/4||Pfc3ti|| B l/4 




We put together all the estimates above. Taking the square root (which is 
concave) and using Cauchy-Schwarz inequality, we obtain the estimate 


u ll x 1/4 ~ ll M o||B>/‘ 


+ E ll^fe' u llL t ([0,T];B 1 /4) 

Vfe=0 / 


1/2 


\ 


1/2 


e nn^-(oiiB i/4 ^ 


u fc>0 j =1 


/ 


+^ 1/2 - e (E ii^ 




\k—0 




y- 11^0 ll'Pfc3 M IL f °°([0,T];B 1 / 4 ) 

fc>o (dfc ~ \/Mfej — Mfc 2 + / (Mfc) e 

V(fcl,fc2,/C 3 )^ fc ^ V 7 


/■T °° 

£ 

3 fe=0 


E ii p Hi 

Kk=0 

( 




/ 


L 2 


(dfc) 5 


Bf>([0,T];B5) 


df' 


Il/=1 ll Pfe j U H/, t ([o,T];Bi) 
fc>0 (dfc ~ Mfci ~ dfc 2 + dfc 3 ) (l ( fc) £ 

'l l^/-r, \ V / 


\ 


E 


\ (k 1 ,k 2 ,k 3 )^ai c 


E 


ll P fcl(|w| 2 w)||L 2 ||ft2M|Llll P fc3 U 


BI 11 3 h BI 


V 


fe>fcl>0 -Mfc 2 +Mfc 3 )(Mfc) £ (Mfcl) 4 " 


■ dt' 


{kl,k 2 ,k 3 )$.CT k 

^ CX) 

E ii p Hi 


k=0 

( 


'L^([ 0 ,T]-B 4 ) 


E 


- P fe 1 (|w| 2 w)|| L 2||P fe2 M|| s i ||Pfc 3 tt|| B i 


\ 


'° fci»fe >0 (dfc - a/ p-l, -Aife 2 + dL> (Mfc) 4 

(fe 1 ,fc 2 ,fc 3 )^cr fe ' V 1 3 / 

nce ESEo ll p HI BtdOjTJjB 1 / 4 ) 

the following five terms, J^, i = 1, • • •, 5: 


/ 


\ {ki,k 2 ,k 3 )g(T k 

at least. Since ESEo ll^fe^llitdo.TjiB 1 / 4 ) = ll u llx 1/4 ’ ^ 3S sufficient to estimate 


Ji — 


e n ii jp fc J ' u ( i ')ii J B i/4 


/c>0 j=l 
(k 1 ,k 2 ,k 3 )£cr k 
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* = E 


n U ii Pk 


k >o (nk - Jn 2 kl - nl 2 + t4 3 ) (Mfc} £ 

(fc 1 ,fc 2 ,fe 3 )^fc x v 7 

7 /■ T ^II^(M 2 «)IU’ u , 

J 3 = / 2^ — / \3_ £ — dt , 

^ fc=o (W 4 


J 4 = 


E 


ll P fcl(|M| 2 w)||L2||P fc2 M|| s l ||Pfc 3 u|| B i ^ 


Js = 


° fc>fel >0 (Mfc- v/^fei ~^fc 2 +Mfe 3 ) (Mfc) £ (Mfei) 4 " 
(ki,k 2 ,k 3 )gcr k ' ' 

j T ||P fcl (|u| 2 M )|U 2 ||P i 

“'° fei>fe>0 Uk- J /ifc, - /i 2 2 + Mfc 3 ) (Mfc) ^ 

(kx,k 2 ,k 3 )^k X V 1 2 3/ 


B3 " 3 " B3 df'. 


Subsequently, we estimate J; for each separately. 

Estimate of J\. For /ife > 1/5, the each support <Tfc is disjoint by (13.41) . 
Therefore J 2 is bounded by 


«j e n» p *,»ii 


ki,k 2 ,k 3 j=1 


if([ 0 ,T];B 3 ) ~ 5 


Estimate of J 2 . Due to - y' / u| i - +/4 3 y (Mfe) E G we have 

that J 2 is bounded by 


j 2 < e nn a, 


ki,k 2 ,k 3 j =1 




Estimate of J 3 . Cauchy-Schwarz inequality provides J 3 < ||w||| t ([o t] l 6 )- 
Then we have that 


J 3 <T 


Y.Pku 


k —0 


( 00 > 

E H-Pfe^lUraoTiT 6 ) 

k =0 / 


Now we use Sobolev inequality in Theorem l2.2l to obtain 


h < t (||p fc u|| ir([ 0 , T];L 2 ) ) < T|| U || 3 Y 7. 


Kk—0 


Estimate of J 4 . It suffices to show that 

\\P kl (\u\ 2 u)\\ L 2 \\P k2 u\\ i||P fe 3 u|| 1 

sup > - = P-—-<H 5 1 . 

0 -*- T fc>fc!>o <Mfe - - Ml 2 + / 4 3 ) (HkY(tikx)^~ e x ? 

( kl ,k 2 ,k 3 )ga k 
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The sum £*, is uniformly bounded due to (^iik — y A 4 ^ — Mfc 2 + A 4 1 3 y (/it) e £ 

Ap. Now we apply same argument as in the previous proof for J 3 . Therefore 

J4<T\\U\\ 5 

X 4 

Estimate of J 5 . A simple calculation shows that J 5 is bounded by 


J 5 < T sup 


E 


ll p fci(M 2 w)IMI p fc2w|| B i \\Pk 3 u\\ B i 


0 <t<T , , , 

— — «1,«2,«3 


(a4 -/4 + /4)' 


Now by Cauchy-Schwarz inequality with the fact + /r| 3 ) 3 / 8+e g Aj£ , 

we see that 

^5 < P ll M lli t ([0,T];L 6 )- 

From the previous step in the proof for J 3 , we have that 


■JsSTIMI 5 ,. 

xf 

This completes the proof of Theorem 13.11 □ 

Repeating a similar computation on the difference of two solutions, we have 
the following theorem. 

Theorem 3.2. Let u and v be two smooth solutions of CUP on t £ [0, T] with 
initial data uq and Vo, respectively. Then for all 0 < 5 < 1, we have 

\\u - v|| < ||u 0 - v 0 || B i + + <5 1/4 ^ M\\u - u|| x i + VTM 2 \\u - v\\ x i . 

where M = max |||w|| x i/4, ||u|| y i/ 4 j. 


4 Proof of Theorem 11.11 

Now we explain how to use Theorems 13. II and 13.21 to establish local solutions. 

Let uo.n be a sequence in H°°(S 2 ) such that uo, ra —» uq in R 1 / 4 as n —> oo. 
For u(x,0) = uo, n (x) in (11.11) . we have global smooth solutions of (ED which 
we denote by u n . 

Let T > 0 be a positive constant with T < 1 to be determined later. First 
we use the continuity argument to show that u n satisfies the a priori estimate 
obtained in Theorem 13.II on the time interval [0,T] independent of n. Namely, 
we have 

||Wn|| A -y 4 < C , ||' 44 0,n||si/4 + c | \j~~jr + 5 1 ^ 


U n \\ 2 xUi + CvTlIltnll 


X, 


1/4- 
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We choose R > 0 so large that ||mo||bi/4 < R, ||uo,n||si/4 < R for all n. Since 
\\u n ll^i/ 4 is continuous in t , there exist small 5 > 0 and a time interval [0,T ,/ ] 
such that ||it n ||„i/4 < 2 CR. Then we have by Theorem 13.11 

X T r 


1/4 < C\\u 0 ,n\\ B i/*+C U—+S 1 / 4 


'a-- 


< CR. + — = -CR. 

~ 2 2 

Therefore we can choose T < 1 so small that 


\ u n\\ x l/4 


■cVt kh 3 x1/ 4 


||M n || Y v 4 < 2 R 

where T depends only on C and R. 

Moreover, we repeat a similar argument on difference of two solutions. The¬ 
orem 13.21 yields 

||^n Urn || y 1 / 4 ^ C 11 'ii'0,77, ^0,711 ||f?i/4 

for some C" > 0. Hence by the Ascoli-Arzel’a compactness theorem we construct 
convergent sequences {u n (k)} C {u n } by taking subsequences. Thus we obtain 
a solution u of ed satisfying 

u € X 4/4 C B°°([0, T\; B 1 / 4 ), ||w|| x i /4 < 2 R, 

lim || u n r k ) - u\\ x i/4 = 0. 

k — loo 

We now present the proof of uniqueness of solution to ED- Let u and v be 
two solutions of ED in Xy ' 74 with the same initial data uq. We evaluate the 
A norm of u — v in the same way as above by using Theorem 13.21 If we 
choose S > 0, T' > 0 small, then 

\\u-v\\ i/4 < r)\\u-v\\ i,4 

A T‘ -\ T , 

for some 0 < rj < 1, which shows u = v on [0,T ,/ ]. By repeating this procedure, 
we obtain u = v on [0, T]. 

Moreover repeating the proof of Theorem 13.11 with the functional 
\\Pku(ti) - P k u(t 2 )\\ 2 L 2 = ^ 7 \\Pk u (t■ ) - Pku(t 2 )\\ 2 L 2 dt 1 , 

we obtain that 

\\ll(t 2 ) - u(t 1 )\\ B i,4 < C ^ +d 1/4 j IMI^i /4 + Csjtx - t 2 |H|^i /4 

whenever 0 < t 2 < t\ < T and 0 < <5 < 1. Thus if t\ —> t 2 and 5 —> 0, that 
u(t 2 ) —> u(ti) in B 1 / 4 . Hence u S (7([0, T\; B 1 / 4 ). 

The continuous dependence of solution on initial data is proven in the same 
way as in the proof of existence of solution. □ 
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5 Proof of Theorem 11.2 

In this section, we will solve the integral equation 

u{t) = e ltA u 0 - i f e l{ - t ~ t ' )A u 3 {t') dt ', u 0 G H^, 

Jo 

in C([0,7 1 ]; ^ X T 4 ' b f° r appropriate b > 1/2. 

Remark 5.1. A similar argument as in [9j provides us the local well-posedness 
result of the Cauchy problem (11.31) with no change to their proof. More precisely, 
if u o G H s with s > 1/4, there exists a unique solution u(t) G H s for local in 
time. As it was remarked in Remark 1 1.3 1 it is easy to see that we can have the 
local result in the homogeneous space H^ om for s > 1/4. 

We summarize the properties of the space X s ’ b . 

Lemma 5.1. Let s > 0, 1/2 < b < b 1 < 1 and 0 < T < 1. There exists c > 0 
such that 

\\e T (t)e itA u 0 \\x°* < cT l / 2 - b \\u 0 \\ H *, 


and 


9{t) [ e^-^f^dt’ 
Jo 




X s 


P T f\\x:» < cT^WfWxsX, 


PrfW 


-i < cT 


X s,b-1 V 


b'—b 


x*y-b > 


where 9 G Cq°(M), 0 < 9 < 1, 0 = 1 near 0, suppd C [—1,1], and 9 t{T) = 
9{T~H). 


The proof of Lemma 15.11 is given by Bourgain in [2], and Burq-Gerard- 
Tzvetkov in 0. 

We need to have an estimate that takes the nonlinearity u 3 in A 8 ’ 6 ^ 1 . We 
comment on the bilinear Stricliartz estimate constructed in [5], and prove The¬ 
orem P 

Lemma 5.2. Let b > 3/8 and fj G A 1 / 4,6 be homogeneous spherical functions 
of the form 


fj{t,x) = sin fe 0e tk<f> , (5.1) 

k> o 

for j = 1,2, where0,4> are spherical coordinates x = (sin 9 cos />, sin 9 sin (f>, cos 9) , 0 < 
9 < 7 r, 0 < </> < 27r. Then the following bilinear estimate holds: 

\\hh\\Ll x < 11/111x0,6II/ 2 ||^ci/4,b. 
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For the proof of Lemma 15.21 we will need some elementary inequalities. 


Lemma 5.3. Let 0 < a < B such that a + B > 1 and e > 0. Then 


dt 


< 


l-oo {t - a) a {t - p)f> ~ {a-p)i' 

a + P-1, if 13 <1, 

7= S a-s, if P= 1, 
a, if P> 1 . 


where 


For the proof of Lemma 15.31 see [12] for instance. 

Proof of Lemma 15.31 The proof follows the same general outline as arguments 
by Bourgain [2] and C. E. Kenig, G. Ponce and L. Vega [12] . 

By the Parseval identity in time variable, we have 


IIAMb, = 


/ E <^(r-r 1 )5^;(r 1 )sin fcl+fc2+1 / 2 0e i ( fel+fe2 ^dr 1 
Jr l- 


‘ ki,k2>0 


Using the similar computation to [2], we have that H/iAH^ is equal to 

/* p2iTT nTX _ 

E / / / S Ma( T_r i) 5 2^( T i) S bfci(T-r[)a^7(r{) 

fci,fej,fe 2 ,fc2 R3 

x s i n fc i+ fc i+fc 2 +^+i 0 e i(ki+fc.-*i-ki)* dTldT[dTdOd<t). 

It is easy to see that 

p2ir 

/ e i(k 1+ k 2 -k[-k’ 2 )4> ^ = 2nd (hi + k 2 - k[ - k’ 2 ), 

Jo 

[ sin fcl+fc i +fc 2 + fc 2 +i q dd 


and 


1 


Jo \Jk\ -f- k^ -f- k 2 k 2 V 1 

We write m = Aq + k 2 = k[ + k 2 and so we can conclude that 

II/1/2III2 < E /o 1 , , [ fe / l«bu(' r -' r i) a 2^A 1 (ri)|dri N j dr. 
m V2m+U R J 

Using Cauchy-Schwarz, the inner integral can be estimated as follows: 

E / l“bu( T - n)a2^fei(n)| dn 


< 


M (E [ l^( T - T i)| 2 ( r “ T i _ ^fe 1 ) 26 | a V^ : fc 1 (' r i)| 2 (Ti-/i^_ fel ) 2b dTi 

V fcl Jr 
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where 


M = sup \J2[( T - Tl ~ Mfci) 2b (n - Mm-fei) 2b dT l 

TGt,m>0 y ^ JR 

A simple computation by Lemma 15.31 yields 

M 2 ^ sup^(r - n 2 ki - n 2 m _ kl )~ 4b+1 ■ 

T.m , 
fci 

For each r and m, we obtain the two roots k\ = a± (r, m) of the quadratic 
equation with respect to k\-. 



2 2 n 

^ Tki hm—k 1 

Then we decompose the sum of into two cases: 

• \ki — a+(r, m)\ < 1 or \k\ — a_(r, m)| < 1, 

• |fci — a±(r, m)\ > 1. 

Therefore we conclude that 

M 2 <l+sup ^ (fci — a+(r, TO)) _4b+1 (fci — a_(r, m)} _4f,+1 < 1, 

T,m |fci— CK-i-(r J m)|>l 


since by b > 3/8. 

Then it follows that H/ 1 / 2 IH 2 is bounded by 


; E 

m,k 1 


y/2 m + 1 


/ |apfc/(r - n)| 2 (r - ri - A4 1 ) 26 l a 2^ :: fci( T i)| 2 (' r i - V 2 m- kl ) 2b dT i dT 
Jr 2 


< 


E 


2 \ 6|2 


l°i,fci( T i)( r i -Mfcj) 
(M fcl } 1/4 


dnE / l«2^( r 2)(T2 - ^l 2 ) b \ 2 dr 2 

JR 


= c||/ 1 || 2 Y o,.11/211^/4,., 


which completes the proof. □ 

Lemma 15.21 is equivalent to proving the following result. 

Lemma 5.4. Let fj € X 1 / 4,1 / 2 + (1 < j < 3) be of form in \5.1\) . Then for all 
b' < 5/8, b > 3/8, f/ie trilinear estimate 


11' 

j=i 


< 


nn/. 


jllX 1 /4,f> 


jj^l/4,b / -l 0 —1 


(5.2) 


holds. 
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Proof. First notice that by Remark 1.3 the product function IIj=i fj preserves 
of form in ED- Indeed, one has that there exist ctk{t) (k > 0) such that 

3 

n =^2 afc ^) sinfe de * kri> - 

j=l k> 0 

Using duality technique, orthogonality argument, Leibniz rule for fractional 
derivatives and symmetry argument, it suffices to show that 



3 

U{t,x) TT fj(t, x) dtdx 
s 2 7=i 


< \\fi\\x 1 / i ’ b \\h\\x 1 / i ’ b \\f3\\x°x\\U\\x°i&<%) 


for any / 4 £ X 0 - 1 " 6 ' of form 

fi{t, x) = ^2 04 ,k(t) sin fc 0e tkc/> . 
k> o 

By two applications of Lemma 15.21 we have that the left-hand side of (15.31) is 
bounded by 


II/1/3Hi? II/2/4 HiJ < ||/l|Lv 1 /4,fc||/3|Uo.i>||/2||jCi/4,i» II/411x0.1-6', 


provided b > 3/8 and b' < 5/8. Thus lemma follows. □ 

Proof of Theorem 1 1. ill For positive constants T and r, we define 

E(T, r) = {uG C 0 (R; H^J n X s ’ b | \\0 T u\\ xl/i , b < rT^~ b ] . 

We shall show that for appropriate values of T > 0 and b > 1/2, the following 
map u —» $(u) defines a contraction map on E(T,r) for appropriate values of 
T and r: 

$(u)(i) = e ltA u 0 - i f e i(t - t,)A [0T(0TU 3 )](t') df. (5.4) 

Jo 

Using Lemmas 15.11 and 15.41 combined with the integral formula in (15.41) , we 
obtain 


|| 0 t ( &(u)|| x'i/4,6 


< cT 1 / 2 b \\u\\ H i/i + cT 1 / 2 b || 0 T( 0 Tw) 3 ||x 1 / 4 . 6 -i 

< cT 1 / 2 - b |K|| ff i / 4 + c j ,b '- b +i/ 2 - b || (0 T u) 3 1| xl/4 ,i/—i 

< cT 1 / 2 - b ||u 0 || ffl/4 +cT b '- b + 1 / 2 - b || 0 TU ||^ 1/4 , 6 

< cT 1 / 2 - b ||u 0 ||ffi/4 + cT b '- b+3 ( 1 /2-fe) r 3 


for 1/2 < b < b' < 5/8. Set r = 2 c||uo||#i/ 4 . Choosing T > 0 small and 
b' — b + 3(1/2 — b) > 0 such that T b - b + 2 ( 1 / 2 ~ b ) r 2 < 1/2, we have that 

|| 0 t$MHxi/ 4,6 <rT l / 2 ~ b . 


15 




A similar argument to above shows that 


||0T$(«l) — dT^{u2)\\x^/^ b < 2 ll^ TUl ~ 1| A" 1 / 4 ’ b • 

Notice that X s,b C(R;ff s ) when 6 > 1/2. Therefore, a standard iteration 
argument shows that we obtain a unique solution u of CE3D satisfying 

0 T u G ([0 ,T];flL)nI 1/4 '‘, ||0 tu||ai/4,. < rT 1 / 2 ’ 6 . 

This proves Theorem 11.21 □ 
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